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Abstract
In this paper, the geometric approach to the virial theorem devel-
oped in [1] is written in terms of quasi-velocities (see [2]). A general-
ization of the virial theorem for mechanical systems on Lie algebroids
is also given, using the geometric tools of Lagrangian and Hamiltonian
mechanics on the prolongation of the Lie algebroid.
1
1 Introduction
The virial theorem was introduced by Clausius in statistical mechanics in
1870 and since then it became important in many other areas in physics (see
[3] for an historical account). In the original formulation the virial theorem
establishes a relationship between the time averages of the kinetic energy
and of the scalar product r · F of trajectory by force. In the particular
case of a conservative system with homogeneous potential, this amounts to
a relation between time averages of the kinetic and the potential energy.
The modern approach to the virial theorem given in [1] uses Hamiltonian
formalism and establishes that, under the general conditions of application
of the theorem, the time average of the Poisson bracket of an observable
G with the Hamiltonian vanishes, obtaining as a particular case that of a
regular Lagrangian system. The original statement of the virial theorem is
recovered when H is a sum of a kinetic and a potential term, H = T + V ,
and the virial function is G = r · p, so that the Hamiltonian vector field XG
is precisely the generator of dilations in phase space. But virial-like theorems
are also available for systems with configuration space different from RN [4].
More concretely, the geometric version of the Virial Theorem (VT) given
in [1] is as follows. On a Poisson manifold (M, {·, ·}), every function H ∈
C∞(M) defines a dynamical system by x˙ = XH(x) = {x,H}. Then, if a
function G remains bounded, the time average of the Poisson bracket {G,H}
vanishes:
〈〈{G,H}〉〉 = 0.
By the time average we mean 〈〈F 〉〉 = limT→∞
1
T
∫ T
0
F (γ(t)) dt, where γ is the
evolution curve. In what follows we implicitly assume that the virial function
G remains bounded. When the motion of the dynamical system is periodic
with period τ the time average reduces to 〈〈F 〉〉 = 1
τ
∫ τ
0
F (γ(t)) dt.
2 Virial theorem in quasi-coordinates
In many problems in classical mechanics and control theory it is useful to
consider quasi-velocities. For instance, in studying the rotation of a rigid
body, it is traditional to use Euler’s angles to parametrize the orientation
of the body while using body angular velocities to describe the dynamics.
Similarly, for a system with nonholonomic constraints (i.e. constraints on
the velocities that are not derivable from position constraints) one can define
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quasi-velocities in such a way that some of them coincide with the constraints,
obtaining in this way fewer equations to solve.
2.1 Quasi-velocities and quasi-momenta
We consider a configuration manifold Q where a mechanical system is evolv-
ing. The traditional concept of velocities and momenta are obtained when
considering a local chart (U, q1, . . . , qn), and taking the coordinate basis
{∂/∂qj} and its dual {dqj}. Then, v = vj∂/∂qj and ζ = pj dq
j, with
vj = 〈dqj, v〉 and pj = 〈ζ, ∂/∂q
j〉 being the usual velocities and momenta. Al-
ternatively we can chose a local basis of vector fields on Q, {X1, . . . , Xn}, and
the dual basis {α1, . . . , αn}. Any tangent vector v ∈ TqQ can be expressed
uniquely as v = wjXj(q). The real numbers (w
1, . . . , wn) are called the quasi-
velocities of v in the given basis. In terms of the dual basis wj = 〈αj(q), v〉.
Similarly a covector ζ ∈ T ∗qQ can be expressed as ζ = πjα
j(q), and then
(π1, . . . , πn) are called the quasi-momenta of ζ in the given basis, which
can be obtained as πj = 〈ζ,Xj(q)〉. The pair (q
i, wi) is called the quasi-
coordinates of v ∈ TQ and the pair (qi, πk) is called the quasi-coordinates of
ζ ∈ T ∗Q (see [2]).
The relation between standard velocities and quasi-velocities is given by
the well-known basis change formulas. If Xj = β
k
j (q)∂qk is the coordinate
expression of the vector field Xj in the coordinate basis then dq
j = βjk(q)α
k
and it follows that vi = wjβij(q) and πk = piβ
i
k(q). A system of quasi-
coordinates has an associated set of local functions on Q called Hamel’s
symbols given by γkml = β
j
mβ
i
l (
∂αkj
∂qi
−
∂αki
∂qj
), where [αim] is the inverse matrix of
[βmj ], i.e. α
i
mβ
m
j = δ
i
j . They can be defined by means of dα
k = −1
2
γkmlα
m∧αl,
or alternatively by [Xm, Xl] = γ
k
mlXk.
2.2 VT in the Hamiltonian formalism and quasi-momenta
A function in the phase space, H ∈ C∞(T ∗Q), determines an associated
Hamiltonian vector field XH by the dynamical equation iXHω0 = dH , where
ω0 = −dθ0 is the canonical symplectic form on T
∗Q. The motions of the sys-
tem are the integral curves of XH . In quasi-coordinates (q
i, πi) on the cotan-
gent bundle T ∗Q, the differential of an arbitrary function G ∈ C∞(T ∗Q) is
given by dG = Xj(G)α
j + ∂G
∂pij
dπj. The canonical 1-form θ0 has the expres-
sion θ0 = πkα
k and the canonical symplectic form ω0 = −dθ0 is locally given
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by ω0 = α
i ∧ dπi +
1
2
πkγ
k
ijα
i ∧ αj. Therefore, the Hamiltonian vector field
associated to the function G is given by
XG =
∂G
∂πi
Xi −
(
βji
∂G
∂qj
+ πkγ
k
ij
∂G
∂πj
) ∂
∂πi
.
Given a virial function G on T ∗Q, the virial theorem in the Hamiltonian
formulation written in quasi-coordinates is
〈〈
βji
∂G
∂πi
∂H
∂qj
− βji
∂G
∂qj
∂H
∂πi
− πkγ
k
ij
∂G
∂πj
∂H
∂πi
〉〉
= 0.
This equation provides a geometric interpretation of the VT as presented in
[5] by using the Poincare´’s formalism. Particularly important are fibrewise
linear virial functions. Every vector field D on the base manifold Q is as-
sociated with a linear function G ∈ C∞(T ∗Q) defined by G(ζ) = 〈ζ,D(q)〉
for ζ ∈ T ∗qQ. The associated Hamiltonian vector field is the complete lift D
c
of D to T ∗Q. In quasi-coordinates (qi, πi) on T
∗Q, if D has the expression
D = f iXi then G(q, π) = πkf
k(q) and the Hamiltonian vector field has the
expression
XG = D
c = f iXi −
(
βji
∂fk
∂qj
+ γkijf
j
)
πk
∂
∂πi
.
For such a function the virial theorem can be expressed in the form
〈〈
βji f
i∂H
∂qj
− βji
∂fk
∂qj
πk
∂H
∂πi
− πkγ
k
ijf
j ∂H
∂πi
〉〉
= 0. (1)
2.3 VT in the Lagrangian formalism and quasi-velocities
Consider now a dynamical system defined by a regular Lagrangian L ∈
C∞(TQ). The dynamical vector field ΓL ∈ X(TQ) is determined by the
dynamical equation iΓLωL = dEL, where ωL = −dθL is the Cartan 2-form
associated to the Lagrangian and EL is the energy function defined by L. In
quasi-coordinates (qi, wi) on the tangent bundle TQ, the differential of an
arbitrary function G ∈ C∞(TQ) is given by dG = Xj(G)α
j + ∂G
∂wj
dwj, and
the Cartan 2-form ωL = −dθL by
ωL =
1
2
[
γkml
∂L
∂wk
+Xl
(
∂L
∂wm
)
−Xm
(
∂L
∂wl
)]
αm ∧ αl +
∂2L
∂wj∂wk
αk ∧ dwj .
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Therefore, the dynamical vector field ΓL = XEL is given by
ΓL = w
jXj +W
rl
[
wmγkml
∂L
∂wk
− wmXm
(
∂L
∂wl
)
+Xl(L)
]
∂
∂wr
,
where [W rl] is the inverse matrix of [∂2L/∂wl∂wr], and the Hamiltonian
vector field of the function G is
XG =W
jl ∂G
∂wl
Xj+W
jl
{[
∂L
∂wk
γkml +Xl
(
∂L
∂wm
)
−Xm
(
∂L
∂wl
)]
Wmr
∂G
∂wr
−Xl(G)
}
∂
∂wj
.
For a virial function G the virial theorem takes the form〈
∂G
∂wr
W rl
[
wmXm
(
∂L
∂wl
)
−Xl(L)− w
mγkml
∂L
∂wk
]
− wjXj(G)
〉〉
= 0 (2)
The above equation provides a geometric interpretation of the Boltzmann’s
formalism of the VT. An important case is that of the function G = 〈θL, D
c〉,
where D is a vector field on Q and Dc is its complete lift to TQ. It was proved
in [1] that {G,EL} = ΓLG = D
cL, from where it follows that on the condition
of the virial theorem we have 〈〈DcL〉〉 = 0. In quasi-coordinates, if D = f iXi
then the expression of the complete lift is
Dc = f iXi +
[
Xk(f
i) + γikjf
j
]
wk
∂
∂wi
,
and therefore 〈
f iXi(L) +
[
Xk(f
i) + γikjf
j
]
wk
∂L
∂wi
〉〉
= 0.
If moreover the Lagrangian is of mechanical type, L = T − V , then the VT
has the form 〈〈Dc(T )〉〉 = 〈〈D(V )〉〉. In coordinates, turns out to be
〈〈
f iXi(T ) +
[
Xk(f
i) + γikjf
j
]
wk
∂T
∂wi
〉
= 〈〈f jXj(V )〉〉. (3)
Example 1 (Kepler problem and quasi-velocities) Let us consider a par-
ticle P of mass m moving in a plane under the action of a central force
F (r) = −γmm′/r2 on the direction of a fixed point O of mass m′ ≫ m,
where γ is a positive constant and r represents the distance between O and
the particle P . The configuration space of the system is Q = R2 − {O}. Let
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θ be the angle that the line OP makes with a fixed direction on the plane.
Consider as quasi-velocities w1 = r˙ and w2 = r2 θ˙, corresponding to twice
the area swept-out per time unit. Then,
L(r, θ, w1, w2) =
m
2
[
(w1)2 +
1
r2
(w2)2
]
+
γmm′
r
.
Let D = r∂r be the infinitesimal generator of dilations on the space R
2 written
in polar coordinates. The complete lift of D is the vector field Dc = r∂r +
w1∂w1+2w
2∂w2 on the tangent bundle TR
2. If the virial function is defined by
G = 〈θL, D
c〉, that is, G(r, θ, w1, w2) = mrw1, then the Hamiltonian vector
field of G turns out to be XG = r∂r−w
1∂w1. Applying formula (3), we obtain
〈〈r∂rV 〉〉 = 〈〈m(w
1)2 +m (w
2)2
r2
〉〉, that is, 〈〈−V 〉〉 = 〈〈2T 〉〉 as expected.
3 Virial theorem for mechanical systems on
Lie algebroids
The geometrical interpretation for quasi-coordinates has been given in [2]
which amounts to forget the tangent structure and to use only the vector
bundle structure π : TQ → Q and the Lie algebra structure [·, ·] on the set
of vector fields on Q. This more general framework leads naturally to the
use of Lie algebroids. In this formalism we do not have a prefered basis of
sections in the bundle induced by the choice of coordinates in the base.
A Lie algebroid is a vector bundle τ : A → M , together with a Lie
algebra structure [·, ·] in the space of its sections, and a vector bundle map
ρ : A→ TM over the identity in the base M , called the anchor, that satisfies
the Leibniz rule [σ, f η] = f [σ, η] + (ρ(σ)f)η, for any pair of sections σ, η of
τ : A→M and every smooth function f ∈ C∞(M). In the above expression,
by ρ(σ) we mean the vector field in M given by ρ(σ)(q) = ρ(σ(q)) for every
q ∈M . In this way every section of A defines a dynamical system x˙ = ρ(σ)(x)
on the base manifold M , whose orbits are the integral curves of the vector
field ρ(σ).
The Lie algebroid structure is equivalent to the existence of an exterior
differential operator d : Ω•(A)→ Ω•+1(A) on the exterior algebra of A-forms,
i.e. the algebra of sections of the exterior product
∧
•A∗ → M , similar to
the de Rham operator on a manifold and also satisfying d2 = 0.
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A choice of local coordinates (x1, . . . , xn) on the base manifold M and a
choice of a local basis of sections {eα} of A determines a local coordinate sys-
tem (xi, yα) on the Lie algebroid A. The anchor and the bracket are locally
determined by functions ρij and C
γ
αβ on M , called structure functions, de-
termined by ρ(eα) = ρ
i
α
∂
∂xi
and [eα, eβ] = C
γ
αβ eγ . The structure functions
are not arbitrary but satisfy a set of structure equations, that are the local
equivalent of the Leibniz identity and the Jacobi identity of the bracket.
3.1 Symplectic Lie algebroids and general Hamiltonian
systems
By a symplectic Lie algebroid we mean a pair (A, ω) where A is a Lie algebroid
and ω ∈ Ω2(A) is a symplectic 2-section, i.e. regular as a bilinear form and
closed with respect to the exterior differential operator d of the Lie algebroid
A (see [6] for the details). On a symplectic Lie algebroid (A, ω) every function
H ∈ C∞(M) defines a dynamical system on the base manifold M as follows.
Given the function H , there is a unique section σH of A, called Hamiltonian
section of H , such that iσHω = dH . The vector field XH = ρ(σH) is the
infinitesimal generator of such a dynamical system.
The Hamiltonian vector field XH can also be obtained in terms of a
Poisson bracket on the base manifold M . Indeed, given two function F,G ∈
C∞(M), the bracket defined by {F,G} = ω(σF , σG) is a Poisson bracket
on M . We clearly see the relations {F,G} = iσGdF = ρ(σG)F = XGF =
−XFG.
For the Poisson structure defined by the symplectic section ω on the
Lie algebroid A, the VT implies that 〈〈ρ(σG)H〉〉 = 0. In coordinates, the
differential of G ∈ C∞(M) is given by dG = ρiα
∂G
∂xi
eα, where {eα} is the dual
basis of sections of A∗. If the symplectic form is locally ω = ωαβe
α ∧ eβ then
the VT can be written in the following way
〈〈
ωαβρiαρ
j
β
∂H
∂xi
∂G
∂xj
〉〉
= 0, (4)
where [ωαβ] is the inverse matrix of [ωαβ ] = [ω(eα, eβ)].
The above construction depends on the availability of a symplectic section
on the Lie algebroid A. In the next section we will show two important classes
of symplectic Lie algebroids which generalize the standard Lagrangian and
Hamiltonian approaches of the classical mechanics.
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3.2 Lagrangian and Hamiltonian systems on Lie alge-
broids
The Lie algebroid approach to Hamiltonian and Lagrangian mechanics builds
on the geometrical structure of the A-tangent to a fibre bundle P over the
same base, also called the prolongation of P with respect to the Lie algebroid
A (see [6, 7]).
Consider a Lie algebroid τ : A → M and let ν : P → M be a fi-
bre bundle over the same base manifold M . For each point p ∈ P we
consider the vector space T Ap P = {(a, v) ∈ Aq × TpP | ρ(a) = Tpν(v)},
where q = ν(p). The element (a, v) ∈ TpP will be denoted by (p, a, v).
The manifold T AP = ∪p∈PT
AP has a natural vector bundle structure over
P with the projection ν1 : T
AP → P given by ν1(p, a, v) = p. More-
over, it can be endowed with a natural Lie algebroid structure, as follows.
The anchor map ̺ : T AP → TP is the projection onto the third factor
and the bracket [[·, ·]] is determined by imposing that the bracket of two
projectable sections Zi(p) = (p, σi(ν(p)), Ui(p)), i = 1, 2, is [[Z1,Z2]](p) =
(p, [σ1, σ2](ν(p)), [U1, U2](p)). Local coordinates (x
i, uJ) on P and a local ba-
sis {eα} of sections of A determine a local basis of projectable sections of
T AP by Xα(p) = (p, eα(ν(p)), ρ
i
α∂xi|p) and VJ(p) = (p, 0, ∂uJ |p) for all p ∈ P .
The structure functions of T AP are ̺iα = ρ
i
α, ̺
J
K = δ
J
K and C
α
βγ = C
α
βγ ,
CαβK = C
J
βK = C
J
KL = 0.
3.2.1 The Hamiltonian approach
Let τ : A → M be a Lie algebroid over a manifold M , with anchor ρ and
bracket [·, ·]. As the fibre bundle P we may take ν : A∗ →M , the dual bundle
of A. Thus we have defined the A-tangent to A∗. Taking local coordinates
(xi) onM and choosing a basis {eα} of sections of A and the dual basis {e
α},
we have the local coordinates (xi, µα) on the bundle A
∗, and we can define the
local basis {Xα,P
α} of sections of T AA∗ as explained above. We will denote
by {X α,Pα} the dual basis. We then have, ̺(Xα) = ρ
i
α∂xi and ̺(P
α) = ∂µα ,
and for a function f ∈ C∞(A∗) its differential is df = ρiα
∂f
∂xi
X α + ∂f
∂µα
Pα.
In the A-tangent of A∗ there is a canonical section θA of (T
AA∗)∗, called
the Liouville section, defined by θA(a
∗)(b, v) = a∗(b), for (b, v) ∈ Ta∗A
∗, and
a canonical symplectic section ωA = −dθA. In coordinates, they are given by
θA = µαX
α and ωA = X
α ∧ Pα +
1
2
CγαβµγX
α ∧ X β.
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The Hamiltonian section XH ∈ Sec(T
AA∗) defined by a functionH ∈ C∞(A∗)
is written in local coordinates
XH =
∂H
∂µα
Xα −
(
Cγαβµγ
∂H
∂µβ
+ ρ iα
∂H
∂xi
)
Pα,
and then, the VT in the Hamiltonian formalism on a Lie algebroid is
〈〈
ρ iα
∂H
∂µα
∂G
∂xi
− ρ iα
∂H
∂xi
∂G
∂µα
− Cγαβµγ
∂H
∂µβ
∂G
∂µα
〉〉
= 0, G ∈ C∞(A∗). (5)
Example 2 Consider a finite-dimensional Lie algebra g as a Lie algebroid
over a singleton M = {e}. For a Hamiltonian H ∈ C∞(g∗) and a linear
virial function G(µ) = 〈a, µ〉, with a ∈ g a constant vector, the VT becomes
〈〈ad∗∂H
∂µ
µ〉〉 = 0. Taking a local basis on g and the corresponding linear coordi-
nates on g∗ we get 〈〈µγC
γ
αβ
∂H
∂µβ
aα〉〉 = 0, where Cγαβ are the structure constants.
Since a is arbitrary we get 〈〈µγC
γ
αβ
∂H
∂µβ
〉〉 = 0 for every α = 1, . . . , dim g.
An important particular case is that of a free rigid body. The Lie algebra
is g = so(3) and the Hamiltonian is defined by H(µ) = 1
2
µ · I−1µ, where I is
the inertia tensor. The VT tell us that each component of the cross product
I−1µ× µ has vanishing time average.
3.2.2 The Lagrangian approach
Similarly, in the general construction above, we can choose τ : A → M
as the bundle P . A regular Lagrangian function L ∈ C∞(A), defines a
symplectic section on the A-tangent bundle to A as follows. The Cartan
1-section is defined by θL(a, b, v) =
d
ds
L(a + sb)
∣∣∣
s=0
, for (a, b, v) ∈ T AA, and
then the Cartan 2-section is ωL = −dθL, which is symplectic provided that
the Lagrangian L is regular. The energy EL ∈ C
∞(A) associated to L is
given by EL = ∆(L)−L, where ∆ is the Liouville dilation vector field on the
vector bundle A. In local coordinates, the symplectic form ωL is given by
ωL =
∂2L
∂yα∂yβ
X α ∧ Vβ +
1
2
(
∂2L
∂xi∂yα
ρiβ −
∂2L
∂xi∂yβ
ρiα +
∂L
∂yγ
Cγαβ
)
X α ∧ X β,
The dynamical section ΓL, determined by the equation iΓLωL = dEL, is ΓL =
yαXα + f
αVα with f
α = W αθ
(
ρiθ
∂L
∂xi
− ρiβy
β ∂2L
∂xi∂yθ
− Cγθβy
β ∂L
∂yγ
)
, where [W αβ ]
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is the inverse matrix of [∂2L/∂yα∂yβ]. In the above expressions {Xα,Vα}
denotes a basis constructed as in general case and {X α,Vα} denotes its dual
basis.
The differential of a function G ∈ C∞(A) is dG = ρiα
∂G
∂xi
X α + ∂G
∂yα
Vα
and therefore the virial theorem states that 〈〈̺(ΓL)G〉〉 = 0, which locally
amounts to 〈〈ρiαy
α ∂G
∂xi
+ fα ∂G
∂yα
〉〉 = 0, or explicitly
〈〈
ρiαy
α ∂G
∂xi
+W αθ
(
ρiθ
∂L
∂xi
− ρiβy
β ∂
2L
∂xi∂yθ
− Cγθβy
β ∂L
∂yγ
) ∂G
∂yα
〉〉
= 0.
Example 3 Consider a Lagrangian function L on a finite-dimensional Lie
algebra g, that we consider as a Lie algebroid over a point. For a constant
vector a ∈ g we consider the virial function G(y) = aβ ∂L
∂yβ
. The VT becomes
〈〈ad∗y
∂L
∂y
〉〉 = 0, which in quasi-coordinates reads 〈〈 ∂L
∂yγ
Cγαβy
α〉〉 = 0, where we
already took into account that a is arbitrary.
In the particular case of a free rigid body, we have g = so(3) and the
Lagrangian is L(ω) = 1
2
ω · Iω, where I are the inertia tensor. It follows that,
〈〈ω× Iω〉〉 = 0, in concordance with the result in the Hamiltonian formalism.
Let σ be a section of A, σc its complete lift to T AA, and take as virial
function G = 〈θL, σ
c〉. Then, as it was proved in [7] we have dΓG = dσcL,
or in other words {G,EL} = dσcL. Therefore we have proved the following
result.
Theorem 1 Let σ be a section on the Lie algebroid A and let σc be its
complete lift to T AA. Assume that G = 〈θL, σ
c〉 is bounded on its time
evolution. Then 〈̺ (σc)(L)〉= 0.
Example 4 A heavy top can be modeled on the Lie algebroid S2×so(3)→ S2
with Lagrangian L = 1
2
ω · Iω − mglγ · e (see [7] for the notation and other
details). Taking the linear function G = a · γ and applying the virial theorem
we get 〈〈a · (γ × ω)〉〉 = 0, and since a is arbitrary we arrive to 〈〈γ × ω〉〉 = 0.
On the other hand, we consider a constant vector a on R3 ≡ so(3) and
the associated constant section of A given by σ(γ) = (γ, a). The complete
lift of σ is σc = aiXi − (a × ω)
iVi. Applying preceding theoremwe get that
〈〈ρ(σc)L〉〉 = 0, and after an straightforward computation and taking into
account that a is arbitrary we arrive at 〈〈ω × Iω〉〉 = mgl〈〈γ × e〉〉.
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